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Abstract
The polarization operator is investigated at arbitrary photon energy
in a constant and homogeneous magnetic field for the strength H less
than the Schwinger critical value. The effective mass of a real photon
with a preset polarization is considered in the quantum energy region
as well as in the quasiclassical one. Obtained in the quantum region
expressions include the singular terms at the creation threshold of electron
and positron on Landau levels.
1. In 1971, Adler [1] derived the polarization operator of a photon in a
magnetic field using the intrinsic time technique developed by Schwinger [2]. In
the energy region lower the pair creation threshold, the polarization operator in
a magnetic field was investigated well enough (see, for example, the papers [3]
and the bibliography cited there). Here, we consider the polarization operator
on mass shell ( k2 = 0,the metric ab = a0b0 − ab is used ) at arbitrary value
of the photon energy ω in case of a weak magnetic field H (compared with the
critical field H0 = m
2/e = 4, 41 ·1013 G, the system of units ~ = c = 1 is used).
Our analysis is based on the expression for the polarization operator obtained
in a diagonal form in [4] (see Eqs. (3.19), (3.33)). In case of a pure magnetic
field, we have the following expression presented in a covariant form
Πµν = −
∑
i=2,3
κiβ
µ
i β
ν
i , βiβj = − δij , βik = 0; (1)
βµ2 = (F
∗k)µ/
√
−(F ∗k)2, βµ3 = (Fk)µ/
√
−(F ∗k)2,
FF ∗ = 0, F 2 = FµνFµν = 2(H
2 − E2) > 0, (2)
where Fµν is the electromagnetic field tensor , F ∗µν is the dual tensor, kµ is the
photon momentum, (Fk)µ = Fµνkν ,
1
κi =
α
pi
m2r
1∫
−1
dv
∞−i0∫
0
fi(v, x) exp[iψ(v, x)]dx. (3)
Here
f2(v, x) = 2
cos(vx)− cosx
sin3 x
− cos(vx)
sinx
+ v
cosx sin(vx)
sin2 x
,
f3(v, x) =
cos(vx)
sinx
− v cosx sin(vx)
sin2 x
− (1− v2) cotx,
ψ(v, x) =
1
µ
{
2r
cosx− cos(vx)
sinx
+ [r(1 − v2)− 1]x
}
; (4)
r = −(F ∗k)2/2m2F 2, µ2 = F 2/2H20 . (5)
The real part of κi determines the refractive index ni of photon with the polar-
ization ei = βi:
ni = 1− Reκi
2ω2
. (6)
At r > 1, the proper value of polarization operator κi includes the imaginary
part, which determines the probability per unit length of pair production:
Wi = − 1
ω
Imκi (7)
At r < 1, the integration counter over x in Eq. (3) can be turn to the lower
semiaxis (x→ −ix), then the value κi becomes real in the explicit form.
2. We consider now the case of weak field and low energy: µ ≪ 1, 1 <
r ≪ 1/µ2. Let’s remove the integration counter over x in Eq. (3) to the lower
semiaxis at the value x0 :
x0(r) = −il(r), l(r) = ln
√
r + 1√
r − 1 . (8)
So we have the following expression for κi :
κi =
α
pi
m2r (ai + bi) , (9)
where
ai = −i
1∫
−1
dv
l(r)∫
0
dxfi(v,−ix) exp[iψ(v,−ix)], (10)
bi =
1∫
−1
dv
∞∫
0
dzfi(v, z + x0) exp[iψ(v, z + x0)]. (11)
In the integral ai in Eq. (10), the small values x ∼ µ contribute. We calculate
this integral expanding the entering functions over x. Taking into account that
2
in the region under consideration the condition rµ2 ≪ 1 is fulfilled, we keep in
the exponent argument the term −x/µ only and extend the integration over x
to infinity. In the result of not complicated integration over v, we have:
a2 = −16
45
µ2, a3 = −28
45
µ2,
κa2 = −
4αm2κ2
45pi
, κa3 = −
7αm2κ2
45pi
, κ2 = − (Fk)
2
H20m
2
. (12)
These asymptotic are well known (see for example [3] and the bibliography cited
there).
In the integral bi Eq. (11), the small values v contribute. Expanding entering
functions over v and extending the integration over v to infinity, we have
bi =
√
µpi exp
(
−ipi
4
) ∞∫
0
dzfi(0, x0 + z)√
χ(x0 + z)
exp
[
− i
µ
ϕ(x0 + z)
]
,
ϕ(x) = 2r tan
(x
2
)
+ (1 − r)x, χ(x) = rx
(
1− x
sinx
)
. (13)
We consider now the energy region where r − 1 ≪ 1 when the moving of
created particles is nonrelativistic. In this case
iϕ(z + x0) ≃ β(r) + (r − 1)(1− e−iz − iz), β(r) = 2
√
r − (r − 1)l(r),
χ(x) ≃ z + x0, f2(0, x) ≃ 0, f3(0, x) ≃ −i. (14)
In the threshold region, where the particles occupy not very high energy levels
we present Eq. (13) for b3 in the form
b3 = −i√µpi exp
(
−ipi
4
)
exp
[
−β(r)
µ
− γ
]
∞∫
0
dz√
x0 + z
∞∑
n=0
γn
n!
exp[i(γ − n)z],
γ = (r − 1)/µ ∼ 1. (15)
The integral in Eq. (15) has a root singularity at whole numbers of γ. For
|γ − n| ≪ x−10 , z ∼ |γ − n|−1 >> x0, we have:
b3 = −2i√µpi exp
(
−ipi
4
)
exp
[
−β(r)
µ
− γ
]
γn
n!
∞∫
0
dy exp[i(γ − n)y2]
=− pi
√
µ
|γ − n| exp
[
−β(r)
µ
− γ + ipi
2
ϑ(γ − n)
]
nn
n!
, (16)
where ϑ(z) is Heaviside function: ϑ(z) = 1 for z > 0, ϑ(z) = 0 for z < 0. The
expression for κ3 with the accepted accuracy can be rewritten in the following
form:
3
κb3 ≃ −
αm2µ√
|g| e
−ζ (2ζ)
n
n!
exp
[
i
pi
2
ϑ(g)
]
, g = r − 1− nµ, ζ = 2r/µ. (17)
Far from singularity, the real part of κb3 is small compared to κ
a
3 (12), but the
main term of the imaginary part of the effective mass is given by Eq. (17).
At γ ≫ 1, the small z contributes to the integral in Eq. (13), then:
iϕ(z + x0) ≃ β(r) + (r − 1)z2/2, iχ(z + x0) ≃ ix0 = l(r),
κb3 ≃ −i
αm2µ√
2(r − 1)l(r) exp
(
−β(r)
µ
)
. (18)
When the condition 1 . r−1≪ µ−2 is fulfilled, in Eq. (11) for bi one can carry
out the expansion over v and z from the very outset. As a result we have (see
[5], Eq. (B5)):
κb3 ≃ −i
αm2µ
√
r√
β(r)(r − 1)l(r) exp
(
−β(r)
µ
)
, κb2 =
r − 1
2r
κb3. (19)
4. The region of weak field and high energy (µ≪ 1, r & 1/µ2) is contained
in the region of the standard quasiclassical approximation (SQA) [5]. The main
contribution to the integral in Eq. (3) is given by small values of x. Expanding
the entering functions Eq. (4) over x, and carrying out the change of variable
x = µt, we get:
κi =
αm2κ2
24pi
1∫
0
αi(v)(1 − v2)dv
∞∫
0
t exp[−i(t+ ξ t
3
3
)]dt; (20)
α2 = 3 + v
2, α3 = 2(3− v2),
√
ξ =
κ(1− v2)
4
, κ2 = 4rµ2 = − (Fk)
2
m2H20
.
The entering in Eq. (20) integrals over t are expressed by derivations of Airy (the
imaginary part) and Hardy (the real part) integrals. Because of the application
conditions, this energy region is overlapped with the considered above. At
κ≪ 1, we have for the integrals entering into the real part of κi
∞∫
0
t cos tdt = −1,
1∫
0
α2(1− v2)dv = 32
15
,
1∫
0
α3(1 − v2)dv = 56
15
. (21)
These expression coincides with (12).
At calculation of the imaginary part of the integral over t in Eq. (20), we
extend the integration to the left real semiaxis because of the integrand parity.
After that, the stationary phase method can be used ( t0 = − i /
√
ξ ). As a
result of the standard procedure of above method, we have
4
12
∞∫
−∞
t exp[−i(t+ ξ t
3
3
)]dt =
t0
2
√
pi
it0ξ
exp[−i(t0 + ξ t
3
0
3
)] = (22)
−i
√
pi
2
ξ−3/4 exp
(
− 2
3
√
ξ
)
= −4i√piκ−3/2 (1− v2)−3/2 exp
(
− 8
3κ(1− v2)
)
.
Substituting the obtained expression into Eq. (20) and fulfilling the integration
over v, keeping in mind the small v contributes, we get:
κ2 = −i
√
3
32
αm2κ exp
(
− 8
3κ
)
, κ3 = 2κ2. (23)
The condition of validity SQA at κ ≪ 1, r ≫ 1, we can receive expanding Eq.
(19) over r.This condition has a form r3 ≫ µ−2.
At κ ≫ 1 (ξ ≫ 1), the small t contributes to the integral (20) ( ξt3 ∼ 1),
and the linear over t term can be omit in the argument of exponent Eq. (20) .
Carrying out the change of variable :
ξt3/3 = −ix, t = exp
(−ipi
6
)(
3x
ξ
)1/3
, (24)
one obtains:
κi =
αm2κ2
24pi
exp
(−ipi
3
)
1
3
(
48
κ2
)2/3
Γ
(
2
3
)
1∫
0
dvαi(v)(1 − v2)−1/3. (25)
After integration over v, we have:
κ2 =
αm2(3κ)2/3
7pi
Γ3
(
2
3
)
Γ
(
1
3
) (1− i√3) ≃ αm2κ2/3, κ3 = 3
2
κ2. (26)
It should be noted that the last expressions for κi do not depend on the
electron mass. For all that, the radiation correction to the mass of created
electron and positron is the same order of values ∆m2 ∼ αm2κ2/3. Because of
this, the present consideration is valid formally at the photon energy ω when
the condition ακ2/3 ≪ 1 is fulfilled.
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